Introduction
We generalize some results of [1] and [2] , on the spectral asymptotics of the problem
where the weight measure ρ is a distributional derivative of a self-similar generalized Cantor type function (in particular, ρ is singular with respect to the Lebesgue measure).
Remark 1.
It is well known, that the change of the boundary conditions causes rank two perturbation of the quadratic form. It follows from the general variational theory (see [3, §10.3] ) that counting functions of the eigenvalues of boundary-value problems, related to the same equation, but different boundary conditions, cannot differ by more than 2.
The problem of the eigenvalues asymptotic behavior for this problem goes back to the works of M. G. Krein (see, for example, [4] ).
From [5] it follows that if the measure ρ contains absolutely continuous component, its singular component does not influence the main term of the spectral asymptotic.
In the case of singular measure ρ it could be seen from [6] that the counting function N : (0, +∞) → N of eigenvalues of boundary value problem for the operator (−1) l y in the case of measure containing a regular component. Better lower bounds for eigenvalues were obtained for some special classes of measures in [6] .
Exact power exponent D of the counting function N(λ) in the case of self-similar measure ρ was established in [7] (see also earlier works [8] and [9] for partial results, concerning the classical Cantor ladder).
It is shown in [1] and [10] that the eigenvalues counting function of problem (1), (2) has the asymptotics
where
) and s is a continuous periodic function, dependent on the choice of the weight ρ. In the case of non-arithmetic type of self-similarity (see Definition 2 below) of the Cantor ladder primitive for ρ, the function s degenerates into constant. In the case of arithmetic self-similarity it has a period ν, which depends on the parameters of the ladder.
In the paper [11] this result is generalized to the case of higher even order differential operator. Also it is conjectured in [11] , that the function s is not constant for arbitrary non-constant weight with arithmetically self-similar primitive.
The paper [12] gives computer-assisted proof of this conjecture in the simplest case, when the generalized primitive of weight ρ is a classical Cantor ladder.
In [2] the conjecture was confirmed for "even" ladders (see Definition 3 below). For such ladders the following theorem was proved.
Theorem 1. The coefficient s from the asymptotic (3) satisfies the relation
where σ is some purely singular non-decreasing function.
Hence the relation s(t) = const follows immediately. This result is generalized in [13] to the case of the fourth order equations.
The aim of this paper is to generalize this result to a much broader class of ladders. This paper has the following structure. Sect. 2 is a review, that provides the necessary definitions of self-similar functions of generalized Cantor type, derives their properties and defines the classes of functions under consideration. Sect. 3 establishes the spectral periodicity for the Neumann problem, similar to [2] , and also a weaker variant of spectral "quasiperiodicity" for some other boundary value problems. Finally, in Sect. 4 Theorem 1 is proved for the suggested class of ladders. We define the operator S on the space L ∞ (0, 1) as follows:
Hence, by the Banach fixed-point theorem there exists a (unique) function C ∈ L ∞ (0, 1) such that S(C) = C. Definition 1. Such a function C(t) will be called the generalized Cantor ladder with m steps.
The function C(t) can be found as the uniform limit of a sequence S k (f ) for f (t) ≡ t, which allows us to assume that it is continuous and monotone, and also C(0) = 0, C(1) = 1. The derivative of the function C(t) in the sense of distributions is a singular measure ρ without atoms, self-similar in the sense of Hutchinson (see [15] ), i.e. it satisfies the relation
More general ways to construct self-similar functions are described in [14] .
Definition 2. The self-similarity is called arithmetic if the logarithms of the values
Definition 3. We call the generalized Cantor ladder even if
This class of ladders is considered in [2] .
In this paper the results of [2] are generalized to the following class of functions. We assume that a 1 = 0, b m = 1. We require that all intermediate segments have non-empty interior (a k −b k−1 = 0), but do not impose any other restrictions on their size. In addition, we require the values ρ k (b k − a k ) to be equal, i.e.
for some constant τ . Barring this condition the values of ρ k and b k − a k can be arbitrary.
Remark 2. For this class of functions the following relations between parameters hold:
3 Spectral periodicity
We consider the formal boundary value problem
We call the function y ∈ W 
into the integral identity, we establish that the derivative y ′ is a primitive of a singular measure without atoms λρy, whence y ∈ C 1 [0, 1]. In addition, we need the following oscillation properties of the eigenfunctions.
be a sequence of eigenvalues of the boundary value problem (6), (7) numbered in ascending order. Then, regardless of the choice of index n ∈ N, eigenvalue λ n is simple, and corresponding eigenfunction does not vanish on the boundary of the segment [0, 1] and has exactly n different zeros within this segment.
We now prove the main statements of this section.
Theorem 2. Let {λ n } ∞ n=0 be a sequence of eigenvalues of the problem (1), (2) numbered in ascending order. Then, regardless of the choice of index n ∈ N, the following equality holds:
Proof. The scheme of the proof repeats [2, 3.1.1]. Let's fix the eigenfunction y n corresponding to the eigenvalue λ n . We construct a function z ∈ C[0, 1] satisfying the following conditions: 
It is easy to check using (4) that z is an eigenfunction of the boundary value problem (1), (2), corresponding to eigenvalue τ −1 λ n . In addition, it has exactly mn zeros on the interval [0, 1] which leads to the equality (8) (see Proposition 2).
In [2, 3.1.2] the relation was also obtained between the eigenvalues with the numbers n and m(n + 1) − 1 in certain problems with mixed boundary conditions of the form (6), (7) . The same relation cannot be proved in a more general case, so we'll derive a one-sided estimate, which we call spectral quasiperiodicity.
Let's fix the eigenfunction y n , corresponding to the eigenvalue λ n of the problem with boundary condition
We construct the function z as follows. Define , intersections will be close to the edges of I k , and the function will remain undefined in the middle of intermediate segments. We will define it as zero on all remaining intervals. We define the signs of non-zero parameters c k so that at each intermediate segment function z has a change of sign. By (4), the resulting function satisfies the equation (1) for λ = τ −1 λ n almost everywhere. Unfortunately, it is not smooth.
We will make some continuous transformation with it which will not increase the value λ and will not change the number of changes of sign. As a result, we get a smooth eigenfunction of a certain boundary value problem and write the estimate of eigenvalues of this boundary value problem through λ n .
Our transformation consists of several steps. At the step j the function z is composed of eigenfunctions of boundary value problems on subsections I k with certain boundary conditions At some point, at least on one intermediate segment zero interval of the function z will collapse into one point. Assume that it occurred between the segments I l and I l+1 . At this point, we multiply c l+1 and all subsequent coefficients by the same ratio so that z becomes smooth on the interval [a l , b l+1 ].
After m − 1 step z becomes completely smooth. After that we can reduce the parameters of boundary conditions at the ends so that
Note that the constructed function z has exactly m(n + 1) − 1 roots and, hence, is an eigenfunction corresponding to the eigenvalue µ m(n+1)−1 of the boundary value problem
Moreover, by construction, the resulting µ m(n+1)−1 does not exceed the original value of τ −1 λ n . Thus, we have proved the following statement.
be the sequence of eigenvalues numbered in ascending order corresponding to the boundary value problem
for the equation (6) . Denote by {µ n } ∞ n=0 a similar sequence corresponding to the boundary value problem
for the same equation. Then, regardless of the choice of index n ∈ N, the following inequality holds: τ µ m(n+1)−1 λ n .
Specification of the spectrum characteristics
To prove Theorem 1 we use the following facts:
is a sequence of non-decreasing step functions and
is the sequence of discontinuity points of functions f n . Suppose also that the following asymptotic relation holds as n → ∞:
Then the monotone function f is purely singular. | ln µ n − ln λ n | < +∞.
Remark 3.
More general results about regularized products of eigenvalues were also considered in [17] .
Proof of Theorem 1:
n } ∞ n=0 and {µ (2) n } ∞ n=0 be sequences of eigenvalues of equation (1) numbered in ascending order and corresponding to the boundary value problems
n : y
n :
where the parameters γ (1) and γ (2) were introduced in Theorem 3. We set σ k (t) := m −k N(e kν+t ), where N is a counting function for λ n . By the relation (3) for all t ∈ [0, ν] we have the equality σ(t) = lim k→∞ σ k (t). Note also that σ k and σ k+1 differ by no more than m −k for all t ∈ [0, ν]. In view of the equalities (8) and (5), regardless of the choice of index k ∈ N, values of the functions σ k (t) and σ k+1 (t) coincide for all t ∈ [0, ν], satisfying for some n ∈ N the inequality λ m(n+1)−1 < e (k+1)ν+t < λ m(n+1) .
Let's estimate the measure of the set of all other points t. If t ∈ [0, ν] does not admit (9) , then the following relation holds:
Let's estimate the sequence of partial sums of the series
We estimate these sums separately.
Here the first inequality is obtained by expanding the set of terms. The second one is an application of the Proposition 4.
n − ln λ n | C.
Here the first inequality follows from Theorems 2 and 3, the second inequality follows from Proposition 4, while the equalities follow from the estimates
mn > λ mn , µ
n > λ n .
Thus we have shown that the measure of the set where c > ν −1 (1−ln λ 1 ) is an integer. It remains to note that the number of discontinuity points of the function N(λ) on the segment does not exceed its value on the right end.
Thus, the function σ along with a sequence of piecewise constant approximations σ k satisfy all of the conditions of the Proposition 3, which proves the theorem.
